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Аннотация. Введение.  В данной работе рассмотрены равновесные состояния плазмы в 

потенциальном внешнем магнитном поле с эквипотенциальными магнитными поверхностями. 

Приведена теория, описывается уравнение для однопараметрического семейства магнитных 

поверхностей. Приведено общее решение для системы уравнений магнитной гидродинамики и 

уравнения, описывающее семейство однопараметрических уравнений. Поведение плазмы во 

многом определяется пространственной структурой, ограничивающей магнитное поле, то есть 

криволинейными координатами     В результате доказательства леммы получены выражения 

для давления, плотности, потенциала магнитного поля. При произвольных функциях (b) в E3. 

Доказана теорема, что в системе координат (   , не содержит производную по переменной   , 

эта переменная входит как параметр в уравнения. Материалы и методы. Аналитически 

получены общие решения для равновесных состояний плазмы во внешнем потенциальном поле в 

криволинейных координатах. Результаты и обсуждение. В данной статье рассмотрены 

возможности из полученной теории для построения решений уравнений, позволяющие выбрать в 

качестве независимых переменных произвольные функции. С помощью математического пакета 

Maple приведены примеры графического представления решений для давления, плотности, 

силовые линии магнитного поля, квадрата напряженности магнитного поля для равновесных 

состояний плазмы в потенциальном внешнем магнитном поле с эквипотенциальными 

магнитными поверхностями. Заключение. Результаты исследования можно использовать при 

изучении равновесных состояний плазмы в потенциальном внешнем магнитном поле.  

Ключевые слова: однопараметрическое семейство магнитных поверхностей, компоненты 

тензора Леви-Чивита, эйлеровый потенциал магнитного поля, плотность, давление, напряженность 

магнитного поля, редуцирование условий равновесия, равновесные состояния плазмы, 

эквипотенциальные магнитные поверхности. 
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Abstract. Introduction. In this paper, the equilibrium states of plasma in a potential external 

magnetic field with equipotential magnetic surfaces are considered. A theory is given and an equation for 

a one-parameter family of magnetic surfaces is described. A general solution for the system of equations 

of magnetic hydrodynamics and an equation describing a family of one-parameter equations are given. 

The behavior of the plasma is largely determined by the spatial structure that limits the magnetic field, 

that is, the curved coordinates E3. As a result of the proof of the lemma, expressions for pressure, density, 

and magnetic field potential are obtained. For arbitrary functions (b) in E3. The theorem is proved that in 

the coordinate system (x'), it does not contain a derivative of the variable x', this variable is included as a 

parameter in the equations. Materials and methods. General solutions for the equilibrium states of 

plasma in an external potential field in curvilinear coordinates have been obtained analytically. Results 

and discussion. In this paper we consider the possibilities from the obtained theory for constructing 

solutions to the equations which allow us to choose arbitrary functions in qualitatively independent 

variables.  Using the mathematical package Maple, examples of graphical representation of solutions for 

pressure, density, magnetic field force lines and magnetic field strength square for equilibrium states of 

plasma in an external potential magnetic field with equipotential magnetic surfaces are 

given.Conclusion. The results of the study can be used to study the equilibrium states of plasma in a 

potential external magnetic field. 

Key words: one-parameter family of magnetic surfaces, components of the Levi-Civita tensor, 

Eulerian magnetic field potential, density, pressure, magnetic field strength, reduction of equilibrium 

conditions, plasma equilibrium states, equipotential magnetic surfaces. 
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Introduction. In the introduction we will consider the theory of the issue, most of which is 

presented in the works [3, 5, 6, 7, 8, 12] and is not presented in this paper. In the works [1, 2, 4, 

9, 10, 11] the issues of plasma physics related to the problem under consideration in this article 

are considered. 

Let b ( x ) = c be a one-parameter family of magnetic surfaces, thus we have 

                                                                (1) 

Together with (1) it is necessary to integrate the system 

                                                                        (2 a ) 

                                                                                  (2 b ) 

Here p is the plasma pressure, u is the potential of the external field,      and is the 

magnetic field strength. Now we have 

                                                                                                                   
(3) 

This is the general solution of equations (1) and (2 a , 2 b ). 

Let us consider equation (2 b ) using the following equality 
                                            . 

Equation (2 b ) can be written as 
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(.4) 

Let's consider the available options. 

A. Now ,                as independent variables,   we can select the quantities ( a , b 

, u ) . 

From (4) it follows 

                                                                      (5 a ) 

                                                                                (5b) 

The following lemma is used further. 

Lemma. Let   there be curvilinear coordinates   now 

                                          
 

     
 

 
    
                     here     are the components of 

the tensor Levi-Civita in the coordinate system     . 
Proof. Let be  the Cartesian coordinates in    multiplying the equality 

 

                                               
 

   
 

    

   

 

    
   

                           

to the expression 

    

   

    

   
     

and taking into account the tensor nature of the symbol ε : 

    
    

   

    

   

    

   
   

         

we get 

                  
       

 

    
 

Multiplying this equality by          and taking into account that 

       
               

   
we get what we need. 

Note: Let's write down, as an example,        
 

    
                         

                                                                                    

Using this lemma and remark, it is easy to write down the identities 
 

  
                             

 

  
                            

Now the compatibility condition of the system (5 b ) can be written as 

                                                                                     (6) 

From this equation we find ( a ) , specifying arbitrarily the function b . Now for the 

pressure p we have 

                                                                              (7) 

Thus, formulas (3), (5 a ), (6), (7) provide a solution to the problem, while ( b ) is an 

arbitrarily given function     . 

B .                without losing the generality of the arguments, we set b = u . Now 

from equation (4) we have 
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(8a) 

                                                                         (8b) 

From equations (8) with an arbitrarily given function p ( a , u ) we find the potential ( a ), 

we will do A few comments. Let's move from Cartesian coordinates (   to coordinates (   ): 

                                                                                                                               

Function          
             We also note that the scalar potential of the external field in 

coordinates    is given by the function      and in coordinates     by virtue of (9) by the 

function             thus, u ' , n = δ 3 n . Next, the structure of equation (8 b ) in coordinates is 

obtained     . 
Main part. Here, as before, we use the following notation: a      is the Euler potential 

of the magnetic field; u is      the potential of the external field; p is      the pressure in 

the plasma. 

Let us consider the following equations (8). 

                                                                          ;                                                       
(10) 

                                                                                                 (11)                                                                                                                                                                                                                                                

                                                                                       (12)     

Equation (12) can be written as 

                                                            . (13) 

Next we deal with a potential of the form             Now equation (13) takes the form 

                                                                    (14) 

Below we present a particular solution to the equation with a specific type of pressure. 

p. 1. Let 

 

                     ; 
Here P(z) is an arbitrary function; now we can find the general solution of equation (14). 

Note that the variable z is a parameter. We introduce new variables s, t:                
           In the new variables, equation (14) has the form                                              
                                                                                                                                                                   

The general solution to this equation is: 

                   ( A ( s )+           
                                                                                                                                                                                               

here     are arbitrary functions of their variables and the parameter z. Since the potential  is a 

real function, we should set the function B(t) = conjugate A(s). Now the potential has the form 

                                                                                                       (15)  

Next, we will consider several implementations of the function       
n .1.1. Let the function have the form  

                                                                             )              ;     -
arbitrary real functions. The potential has the form 

                                                                                    ); here 

and below    – polar coordinates: 

                                                                                                                                                                                                                            
Let us give some specific examples: 

Example 1 for                                                     , 
Let us plot graphs for the following values of a: = c: c= -0.67, -0.3, 0.1. 
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Let us construct graphs for the square of the stress h ≡ H 

2 
= c , with the following values c 

= 1.1, 1.6, 3.   

   
Let us construct graphs of magnetic field lines { a := c ( c =-0.67, -0.3, 0.1); z = u ( u =0, Pi 

/4, Pi /2)}: 

 
 

Example 2 . 

                                                                 
                  ); 

Graphs for the square of the stress H 
2 

= c , c = 1.5, 2, 3.5.  
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Graphs of magnetic field lines { a := c : ( c =-0.67,-0.3,0.1); z = u ( u =0, Pi /4, Pi /2)}. 

 
Example                                            3.2 

;   
                                         

Graphs for the square of the magnetic field strength H 
2 

= c , c = 1, 2, 5.                   

 
Graphs of magnetic field lines { a = c ( c =-1, 0, 1); z = u ( u =0, Pi /2, 5* Pi /6)}. 

 

 
Let's consider a function in the form                           
The potential is of the form                                   2 

. 

Specific examples of this situation:  

 Example 4.2                                      

                                           

Let us construct graphs of the field strength H 
2 

= c , c = 0.5, 2, 5. . 



Современная наука и инновации. 2025. № 3 

45                                                                              

 

                          
 

Graphs of magnetic field lines { a : = c ( c =-1, 0, 1); z = u ( u =-1, 0, 1)}. 

 
 

Example 5. 

                                          2 

                                            
Graphs for H 

2 
= c , c = 0.5, 2, 5.                  

 
Graphs of magnetic field lines { a = c ( c =-1, 0, 1); z = u ( u =-9* Pi /10, - Pi /2.0, Pi /2, 9* 

Pi /10)}. 

 
Let's consider a function in the form                                 

      
Let's give examples of this situation: 

Example 6. 
.                   

          

        
            2

    

                                                             
Graphs for potential a:=c: c=1, 2, 3.             
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Graphs for the square of the field strength H 

2 
= c , c = 0.5, 3, 7.                  

 
Graphs of magnetic field lines { a := c ( c =1.1, 1.3, 1.6); z = u ( u =1.3, 1.5, 1.7)}. 

 
 Example 7.                                                    

         + + 2 
);

         (  , , ;         , , . . 

Let's plot the graphs a:=c: c=-3, -1.5, 0. . 

 
Let's plot graphs for the square of the magnetic field strength: H 

2 
= c , c = 0.5, 3, 7.                    

 
Let us construct graphs of magnetic field lines { a : = c ( c =-3, 0 ,3); z = u ( u =0, Pi /2, 2* 

Pi )}. 
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p.2. Let                                          
where is       an arbitrary function; one can find the general solution of equation (15): 

                                          
  

 
             Here is       an arbitrary function. 

Let's give specific examples of this situation. 

Example 8. Let's consider          
  

 
                                     

                                                                                
Let's plot graphs for a=c: c=0.01, 0.1, 0.4, 1 . 

 

 
Let us construct graphs of the square of the magnetic field strength H 

2 
= c , c = 0.3, 1, 7.                    

 
Let us plot the graphs of magnetic field lines { a := c ( c =-3,0,3); z = u ( u =0,- Pi /2,- Pi )} 
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Example 9.          
      

 
                    

                                             
Let us plot graphs for the corresponding values of a=c: c=-0.01, 0.015, 0.1, 0.3.            

 
Let us construct graphs of the square of the magnetic field strength H 

2 
= c , c = 5.5, 6.5, 

12. . 

 
Let us construct graphs of magnetic field lines { a = c : c =-3,0,3; z = u : u =0,- Pi /2,- Pi }. 

 

In point 3 we will consider the situation for       
  

 
                 

Where      arbitrary function; the equation takes the form: 

                                          
Let us give some specific examples of this situation. 

Example 10. 

                                                                           
                     

 

Let's plot graphs for a=c: c=0.01, 0.1, 0.4, 1.            
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Graphs for the square of the stress H 

2 
= c , c = 3, 5, 7.                

          
Let us construct graphs of magnetic field lines { a = c : c =-1/2, 0, ¼; z = u : u =- Pi /2,- Pi 

/3,1). 

 
Example 11. Let us choose the potential in the following form 

                                      cosh ( z ))                 )) with parameters 

a=c: c=0.01, 0.1, 0.5, 1; and plot the graphs. 

 
Let us construct graphs for the square of the magnetic field strength H 

2 
= c , with c = 0.15, 

1, 140. . 
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Let us construct graphs of magnetic field lines { a = c : c =-1/2, 0, 1/4; z = u : u =0.2, 0.6, 

2)}. 

 
Conclusion. The conditions of plasma equilibrium in an external potential field are reduced to a 

single differential equation for the Euler potentials of the magnetic field strength; equilibrium 

states are constructed in which the equipotential surfaces of the external field are magnetic 

surfaces. 
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