CoBpemeHHas Hayka 1 uHHoBauum Ne4 (40), 2022

B.A. Yrrun [V.A. Utkin]*,
T.B. Kyxaposa [T.V. Kukharova]?
VJIK 573.7: 519.711.2
DOI: 10.37493/2307-910X.2022.4.2 HECTAIIMUOHAPHAS
®APMAKOKHUHETUKA HA

MATEMATHYECKON MOJIEJIN

NONSTATIONARY
PHARMACOKINETICS ON A
MATHEMATICAL MODEL

L orrey Cesepo-Kaeskazckuii ghedepansuutii nayuno-knunuueckuii yenmp DedepanpHozo MeouKo-ouoa102uiecKkozo
azenmcmea Poccuu (Center for Biomedical Technologies of the North Caucasus Federal Scientific and Clinical
Center of the Federal Medical and Biological Agency of Russia)

2 Canxm-ITemepoypzckuii 2ocydapcmeennulii yHugepcumem aipoKocmuueckozo npubopocmpoenus (Saint-
Petersburg State University of Aerospace Instrumentation)

Annomauus

Ha npaxmuxe 6onee 6ocmpebosanvl anreopummuvl u MoOenu copoyuu u oecopoyuu gewyecma
HCUBBIM OP2AHUSMOM, K020a pecyisiapHoe Ux nocmynieHue HeusmeHHo Ha 8CEéM unmepeajle e6pemerHu
Habmooenus. Taxkosvl, KaK Npauilo, YClo8uUsl SKOA02UU, BPEOHBIX NPOU3BOOCME UL OJUMETbHOe
JledeHue XpOoHU4YeCcKux sabonesanuti. Ho ne menee UHmMepecer bosee 061/{41/11/7, Hecmal/;MOHaprlﬁ
cayuati, U He MoJibKO N0 OOHOMY UHEPeOUeHMY, NOCMYNAuemy 8 OpeaHu3mM cO0OPA3HO HEKOMOPOU
@yHKYuU, HO U Mo20a, K020a UX HeCKOIbKO U anpuopu U36eCMHbll 0 Kan0020 U3 HUX nepuoo
nozzyebleedeﬂuﬂ oKasvleaemcs 3a6UCUMbIM OmM mo2o, KAKue u3 HUX U 6 KAKOM KoJjaudecmee yotce
HAKONJIEHbL 6 Op2AHU3ME. B oaunou pa60me HA Mamemamu4eckol Mooeau pacemampueaenics
Haubonee 051/141/{11 Cﬂyqad 6nI0mb 00 B03MOINCHOCU He Hapyuiarnweco comeocmaas aKmuerHoco
ememamenbcmea 8 MemaboausM.

KiaroueBble cJjoBa: HaKOIUIEHUE WU BbIBOJ BCIICCTB B OpraHu3dMeE, MATCMAaTHUYCCKOC
MOZJCIINPOBAHHUC.

Abstract

In practice, algorithms and models of sorption and desorption of substances by a living
organism are more in demand, when their regular intake is unchanged throughout the observation
time interval. As a rule, these are environmental conditions, harmful industries or long-term
treatment of chronic diseases. But no less interesting is the solution of a more general, non-
stationary multidimensional problem, including both the case of sorption and desorption in the
body of one ingredient acting according to some function, and cases when several ingredients are
involved in the process. At the same time, the half-life a priori known for each of them is considered
dependent on the already accumulated amount of other substances in the body. In this paper, the
most general case is investigated using a mathematical model, up to the possibility of active
intervention in metabolism that does not violate homeostasis.

Key words: accumulation and withdrawal of substances in the body, mathematical modeling

Previously, we have shown how important the idea of the half-life of substances from the body is,
especially in conditions of unfavorable ecology and hazardous industries [1-4]. The dynamics of
accumulation and excretion of substances by a living organism, as disclosed in [4-6], does not always
cause a favorable state of the organism, where homeostasis indicators are set according to the
characteristics of the habitat. However, homeostasis itself, as one of the most important representations
of a biological organization, is customarily studied in the context of a structural-functional approach,
detailing it for a specific subject that to some extent has the corresponding properties, although, in our
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opinion, no less interesting is its internal dynamics, in particular, the dynamics of accumulation and
removal (more precisely, sorption and desorption) of substances by a living organism.

In 1964 by N. Rashevsky a model [5] was presented and studied in great detail, where the
dynamics of the accumulation or loss of an ingredient in the body is considered as a manifestation of
its ability to be released from a certain proportion of the substance in a certain time, even if there is a
systematic, regular reinforcement in the form stationary, even a very small dose. More fully, in the
development of such an approach, this is disclosed in the biophysics curriculum [6].

In our opinion, under stationary conditions, when the systematic intake of a substance into the
body is unchanged over time, it is more convenient to use a discrete idea of the dose of a substance A
m per unit time.

Indeed, if it is known that some substance in the body is accumulated in the amount of M ¢ and its
half-life is T, then after time t , in the absence of its further intake into the body, the content will be equal
to:

M =M, -2 @

However, if at each time interval A t the body additionally receives a dose of this substance
equal to A m, then its content initially turns out to be equal to

M, = (M, + Am)-272UT )
and on the time interval t =n A t;

~ 2_t/T 1— 2—t/T
Mt _MO‘ +Am1_2—At/T (3)
Obviously, within
i _ Am
lim My = T— e (4)

The time to reach the limit can be found in comparison (3) and (4), based on the tolerance
represented by the fraction of g from Am:

_t 1-27UT Am
abs(M,-27'7 +Am1_2_At,T —1_2_M,T) = gAm,
abs(z/lo _1 2]:At/T)
where t=T log, m — (five)

q

In practice, it often becomes necessary to find the time t, during which M ; of the accumulated
substance can be reached, if the following are known: initial saturation - M ¢, half-life - T and
stationary dose - A m. Transforming (3), we get:

M —Am t
07 4 o-AtT M,(L-2""")— Am
_ 1-2 _ 0
t =T log,( —Am )—Tlogz(Mt(l_Z_Am)_Am) (6)
t 1_2—At/T

And when it is necessary to establish what the initial saturation was, if the time to reach the
final one is known, from expression (3) we find:

l_2—t/T -
Mo =M —Am— 77 -2 (7)
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And, of course, knowing M oand M ¢, as well as the corresponding time interval - t, it is easy
to find the value of the stationary dose - A m:

Y. 1_2—At/T
Am:(Mt—MO'Z )1_2——11/1' (8)

If necessary, using the recursive representation of equation (6), you can also find the value of
the half-life:

M,(1—-2"2YT)— Am
M,@—2"2YT) — Am

T =t/log,( ). 9)

A, dividing both sides of equation (9) by T, we come to an expression that will allow us to
interpret the result obtained in the form of the law of accumulation and withdrawal (or sorption and
desorption) of substances by a living organism:

t M,1-2"2YT)— Am (
— /log, (—2 =1 =2
71000 =2 Zam) T M a2 —am © 4O

Of course, the above calculations are not complicated and useful in practice, opening up the
possibility of calculating the indicators necessary, in particular, for the control of drug therapy,
laboratory and clinical trials in pharmacology, the corresponding calculations in experimental and
clinical toxicology and forensic medicine, as well as for laboratory and field research by ecologists,
but in practice we often deal not with some stable dose A m , but with a time-dependent discrete
function A m ;, which characterizes the doses of a substance entering the body at each i -th time
interval, or with a continuous function m ( t ), which makes it possible to take into account the
dynamics of the intake of a substance into the body in a more general formulation of the problem.

Let us first consider the case when the intake of a substance into the body can be represented
by a time-discrete function A m ;. An example of this can be a single contamination of a drinking
water reservoir, where the content of a polluting ingredient decreases in accordance with an
exponential or other continuous function, where the function of the intake of a substance into the
body is discrete, determining the time and volume of fluid consumed. In this case, the amount of the
substance in the body after the first time period will be equal to

M, =Am,- 2T + Am,

M,(1-2""T)—Am

and after the second interval:

M, =Am, -2+ Am, .27

+Am,
after the third:
M, =Am -2 4 Am - 20T fAm, 27 +AM, .

And as a result, the mass of a substance in the body after t intervals can be determined based
on the following ratio:

t-0)/T t-2)/T

t =)
M, =D Am,-2 . (11)
i=0
And if there is some amount of this substance M gaccumulated in the body, we get:

t .
_ T ~(t=1)1T
M,=M,-27"T+> Am, -2 | (12)
i=0
It is quite obvious that when the intake of a substance is characterized by a continuous
function (for example, in conditions of industrial aggression, which entails environmental trouble in
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the form of regularly manifested emissions into the air or water environment), the ratio for
calculating the mass of a substance in the body at time t will take the following form:

M) =M(0)-2" +[m(r)- 2T dz. (13
0

And in approaching reality, of course, one should present the dynamics in multidimensional
terms, for several ingredients with different characteristics at once, which is exemplified by living
in ecologically unfavorable territories, and occupational hazards for workers in some industries, as
well as both accidental and intentional due to necessity, active multicomponent interventions in
metabolism. At the same time, the half-life for each of the substances entering the body should now
be considered at least linearly dependent on the ratio of the accumulated mass of each of the others
to the body weight, that is:

t
l\/ll('[) _ Ml(o).2—t/T1(M2,M3...,Mn,Mm) + 'ml(z_).27(t—T)IT1(M2,M3...,Mn,Mm)dz_’

0
t

0

AeMe Moo Morllad v (1) =2, M0+ 2 M) 4.+ 2, M, ),

dt
dTZ(Ml’ MZ{I“’ Mn’ MM) Mm(t) =, Ml(t) + a5 M3(t) +ot+ a3y, Mn(t),
dTn(Ml’ Mzat’ Mnil’ Mm) Mm(t) = a'nl ) Ml(t) + an2 ) Mz(t) +..+ ann—l ) Mn—l(t)'

(14)

M ; (t) is the mass of the i -th substance in the body at time t;

m ; (z) is a function that characterizes the dynamics of the intake of the i -th substance into the
body;

M ¢ (t) — body mass at time t;

T i — half-life of the i - th substance;

aij _— coefficient characterizing the influence of the mass of the j -th substance in the body on
the half-life of the i - th substance.

Undoubtedly, effective control that meets the goals of ensuring a stable image of homeostasis
in a living system becomes possible from the standpoint of the theory of dynamic systems.
Previously, we have shown the possibility of predicting discrete changes in each of the objective
functions for known initial values of each of them and the magnitudes of the control and perturbing
effects on the system [7].

Let us now consider the parameters of homeostasis as state variables, and drug therapeutic
interventions and other substances entering the body and exerting an active influence on
metabolism as input effects and describe the dynamics of the system:
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dx, (t

B 00+ 10 2 X O+ by M) by MOy, M, 0,
%:aﬂ-xl(thazz-xz(t)+...+a2k X () +Db,, - M, (t) +b,, - M, (t)+...+b,, - M _ (1),
%:am')ﬁa)"‘am'Xz(t)+---+akk X () +by - M, (t) + b, - M, (1) +...+ by, - M (1),

(15)
where X (t) is the value of the i -th homeostasis parameter at time t,
M ; (t) is the mass of the i - th active substance in the body at time t,

aij — coefficient characterizing the dependence of the rate of change of the i -th homeostasis
parameter on the value of the j - th homeostasis parameter,

b ij — coefficient characterizing the dependence of the rate of change of the i -th parameter of
homeostasis on the mass of the j -th active substance.

The system of equations (15) can be solved numerically, which makes it possible to predict
the consequences of given active interventions in metabolism by choosing the appropriate strategies
for directed actions.

Thus, it becomes possible not only for one component and not only under stationary
conditions to represent the dynamics of accumulation and excretion of substances by a living
organism, but it is also possible to reflect a multidimensional picture of the homeokinetic response
to changing environmental conditions, which opens up the possibility of targeted interventions in
metabolism, as well as necessary corrections when appropriate rehabilitation algorithms, measures
to overcome critical and borderline conditions are in demand, or, on the contrary, if necessary,
targeted harmonizing influences
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